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The stability of an infinitely long, inviscid but compressible liquid jet under sinusoidal dis-
turbances of the surface, still assumed to be sharp, is considered. This extends Rayleigh's theory. 
We show that despite compressibility the unstable region is /.> kc = 2na (/. wavelength, a 
radius) as Rayleigh's criterion for incompressible liquids states. The character of the unstable 
long wavelength mode changes with compressibility showing a critical onset if the inverse 
compressibility is only half the surface pressure. The maximum decay rate increases with 
compressibility and the most unstable wavelength increases too. An infinity of sound-like modes 
exists; their dispersion relations and flow fields are also given. 

1. Introduction 

In his pioneering work [1] Lord Rayleigh studied 
the stability of a l iquid, inviscid, incompressible jet 
moving with uni form velocity (that can be taken as 
zero by t ransforming to the moving f rame) under 
surface disturbances. His f amous result was: the 
cylindrical file is unstable whenever the wavelength 
/. of the dis turbance exceeds a critical value z c , 

/. > /.c = 2 k a , (1) 

and is stable under short wavelength disturbances. 
a is the radius of the undis turbed jet. 

This simple geometr ic criterion, independent of 
surface tension a, proves to be ra ther robust if the 
properties of the system are m a d e more realistic. 
For instance, it is not changed at all if f inite viscos-
ity is admit ted , as shown in [2] for az imuthal 
symmetric modes and in [3] for all modes. It is 
hardly changed if the jet has finite length 21 in-
stead of being infinitely long, see [4], [5], There are 
only second order corrections, if a small thickness d 
of the surface is taken care of [6], a ( d I d ) 1 . If the 
liquid is uniformly charged, still (1) is approxi-
mately valid unless the jet 's fissility f=Q\ai/2a<s0 

becomes large ( / being the rat io of the C o u l o m b 
energy to twice the surface energy; charge 
density. £0 dielectric constant), as was derived in [3]. 

In the present paper we allow for another realistic 
feature of the l iquid, namely for a finite compress-
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ibility y.0 = QÖ 1 dg0/dp0 (adiabatic). Qo is the equi-
l ibr ium density and dp = (ö/7/ö@)0dg is the equat ion 
of state, taken at the equi l ibr ium pressure p§ = i / a 
due to surface tension. And still we shall f ind as a 
main result that the geometrical Rayleigh criterion 
(1) governs the jet 's stability completely unchanged. 
Our basic assumption is that the surface is still 
sharp, which allows to solve the linearized fluid 
equat ions with the well-known boundary condit ions 
exactly. 

This is surprising since (1) usually is unders tood 
by a simple energy argument : There is a potential 
energy change due to a surface deformat ion de-
scribed by a change 

C (t, <p, z) = £oo ( 0 + £ (0 cos (k z) cos (s (p) (2) 

of the jet 's local radius 1 + £ along the jet 's r-axis, 
where here and henceforth all lengths are mea-
sured in multiples of the undisturbed radius a\ the 
wavenumber k = (2n/.~l)a is dimensionless as is 
the azimuthal node number e(t) (short hand for 
Eks(0) is t h 6 ampl i tude of the disturbance, £00 a 
shift of the mean radius. Of course, £00 = 0 if e= 0, 
but £QQ necessarily is nonzero for a finite distur-
bance £ + 0. For incompressible fluids this is a con-
sequence of volume conservation: If £00 = 0 the 
positive half waves ( c o s ( f c z ) > 0 ) contain more 
volume then the negative ones ( c o s ( A : r ) < 0 ) can 
provide. Therefore the mean radius must shrink, 

e0o = - £ 2 ( l + <5o,)/8. (3) 

Now. the two contr ibutions to the change in poten-
tial energy are (i) an increase a k2 due to the 
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surface wigglyness and (ii) a decrease, independent 
of k, due to the mean radius reduction. If k < kc = 1 
the latter wins. This yields (1). 

For compressible fluids, instead of vo lume con-
servation one argues with mass conservation, of 
course. But in addi t ion to surface energy there is 
also compressional, i.e. internal energy which one 
expects to alter the onset of instability (1). Sur-
prisingly enough the various contr ibut ions of 
compressional energy f rom surface change, namely 
in the internal energy and in the kinet ic energy 
completely cancel. We shall derive the following 
expression for the total energy per length, sum of 
kinetic and potential energy T and U, 

1 +<50j \qs(K) , k2 + s2- 1 .I 
E = T + U = — £ j . (4) 

E is measured in mult iples of Ani la, the surface 
energy of the equi l ib r ium state. The stiffness 
k2 + s2 - 1 does not depend on the compressibil i ty. 
It is always positive if 1. Instability therefore 
occurs only if 5 = 0 and k < 1, implying (1). Com-
pressibility only affects the inertia pa ramete r qs via 
its argument 

K:= ]/k2 + Ca2 . (5) 

o is the eigenvalue, real for the unstable mode, 
purely imaginary, o = ico, for the stable mode . 

C = XQPQ = xod/a (6) 

is the dimensionless compressibil i ty. It is C ~ 10"9 

for water and C % 0.27/(cz/fm) % 0.09 for nuclear 
mat ter with radius a = 3 fm (if Blaizot's [7] value for 
XQ is taken). 

The functional fo rm of the mass is the same as for 
incompressible f luids [3], 

| / . < * ) / * / ; < * ) . K r e a , 

U(j K\)/\ K J'S(I K\), K imaginary . 

Note that T as well as U both comprise compres-
sional energy contr ibut ions individually. These are 
not visible in ( 4 ) since they cancel in the sum. 
Effectively ( 4 ) is a ha rmon ic oscillator with fre-
quency co = ]/ (k2 + s2 — 1 )/qs (K) or decay rate o for 
negative stiffness, i.e. the eigenvalue equa t ion (dis-
persion relation) reads 

o2qs(yk2+Co2)= 1 - k 2 - s 2 , (8 ) 

our main result. 

Although this can be derived wi thout calculating 
the mean radius shift £00 one can de termine this 
quanti ty also. 

£oo(0 = ~~ £ 2 (0 [1 — 2 C ( 1 — s2 — k2)]. (9) 

Note that only in the 5 = 0 long wavelength limit 
k -* 0 compressibility tends to decrease the mean 
radius reduction; there may even happen a blow up 
of the file if C > [2 (1 - 52 - fc2)]"1. In the stable 
regime, however, s2 + k2 > 1, the mean radius of a 
compressible jet under surface d is turbance is even 
smaller than for an incompressible one. 

There is a seemingly small but in fact most 
remarkable effect of nonzero compressibi l i ty C 4= 0 
in the dispersion relation (8). If C = 0 there are 
precisely two solutions ± a or ± co of (8). If, instead, 
C =t= 0 the dispersion relation (8) has in addi t ion to 
these basic modes (which are slightly changed) an in-
finity of further solutions, all representing sound-like 
oscillations in space and time. Basically C - 1 2 k, 
identifying the sound velocity as c = 1 j/C". The 
infinity of such modes can be labelled by their node 
number p in radial direction, the d i f ference between 
adjacent mode 's f requencies being ^ n/y~C. Since 
real physical systems are never absolutely incom-
pressible these sound-l ike modes are always present, 
but in the unstable range they are by a factor 1/]AC 
well above the basic mode. For large k the basic 
mode co(k) turns out to approach co = ck f rom 
below, i.e. the effective velocity is ^ c , subsonic, 
while all the other modes are supersonic, i.e. ap-
proach co = ck f rom above. 

Having thus summar ized and discussed our 
results we shall now derive them in Sect. 2 and of fe r 
details and figures of the e igenspectrum and eigen-
functions in Section 3. 

2. Linear Stability Analysis 

The basic equat ions are the continuity equa t ion 
(mass conservation) and Euler's equation (momen-
tum conservation). N o thermal effects are included. 

a) Eigenfunctions 

The linear deviat ions f rom equ i l ib r ium satisfy the 
equations of mot ion 

d,g + djij = 0 , continuity equa t ion , (10) 

9 , r / + 9,/? = 0 , Euler 's equat ions , (11) 

o = C p , equat ion of state . (12) 
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Here, q, p, r a r e the density (in terms of the equi-
l ibr ium density the pressure (in terms of a /a ) , 
and the velocity components (in terms of j /a/ago)-
The derivatives 5, are with respect to x,- (in terms 
of a) and 0, with respect to the t ime t (in terms of 
a / f / a g 0 ) . C was def ined in (6). 

The basic equat ions imply the wave equat ion 

Cd2p-Ap = 0. (13) 

Since d2p together with p is real, the temporal 
behav iour is ei ther ocexp(cr/) with real a or 
a cos cot, i.e. o=ico, qui te naturally, since no 
d a m p i n g effect is present. Of course, o is dimen-
sionless too; the physical unit of the decay rate or 
f requency is ]/a/QQCI3, being % 8 s _ 1 (o /cm)" 3 / 2 for 
water or ~ 2 • 10 22 s _ 1 ( a / fm)~ 3 / 2 for nuclear matter. 

With the ansatz p cc f (r) cos (s cp) cos (k z) one 
solves (13) in cylindrical coordinates r, cp, z and 
obtains 

f " + /-"'/' - (Ca2 + k2 + s2r~2)/= 0 . (14) 

This is the equat ion for the cylindrical Bessel func-
tions, in par t icular for the modif ied funct ions I s if 
the a rgument K = ]/k2 + Co2 is real or for the usual 
ones Js if K us purely imaginary, which happens if 
o=ico and Cco2>k2, i.e. for supersonic modes. 
(The other independent solution of (14) is excluded 
by regularity at /- = 0.) 

The ampl i tudes and frequencies of the eigen-
modes are not de termined f rom the equat ion of 
mot ion but by the accompanying boundary condi-
tions. Here our assumpt ion enters that even for 
compressible l iquids the surface is sufficiently 
sharp. If so. the surface vector will be 

/? = (1 + C(t,cp,z),cp,z) (15) 

with C f rom (2), describing the change of the radius 
along the jet. 

The boundary condi t ion for the velocity reads in 
linearized form 

v er=R er, at /•= 1 , (16) 

i.e. the flow velocity normal to the boundary equals 
the movement of the boundary itself. This deter-
mines the ampl i tude of the r-f ield, which by (11) 
yields the ampl i tude of the cr _ 20,p field in terms 
of e. We find 

p(r, cp,z\t) = — e{t) a2 (KI'S(K)) ^ 

• cos (k z) cos (5 (p) Is (K r), (17) 

<•(/•,(p, z\t) = - o~2 g rad /> , (18) 

and, of course, Q = Cp. Read Js instead of I s and 
take K if AT is imaginary, o is still arbi trary. 

There is a second boundary condit ion, namely, 
for the pressure at the assumed sharp boundary (see 
text books, e.g. [8], [9]) 

p = 2x, at /-= 1. (19) 

Here, x denotes the linear deviat ion in the mean 
curvature of the deformed cylinder f rom its equi-
l ibr ium value 1/2. U p to a factor C density and 
pressure coincide, cf. (12), so (19) also represents 
the j u m p in the density f rom 0 to 1 + 2 C x at the 
sharp boundary. No te that due to the l inearization 
and the simple equat ion of state (12) the number of 
independent fields is not really enlargened by allow-
ing for compression but only the fo rm of the con-
tinuity equat ion has changed f rom div v = 0 to (10). 
If, in addition, a sha rp surface is assumed, it should 
not be astonishing that the dispersion relation 
originating f rom (19) has a similar form as in the 
incompressible case. 

Remember first the mean curvature deviat ion if a 
cylindrical shape is slightly de fo rmed , see e.g. [9] 
or [3]. 

2 x = - ( S ? + l + Ö J) C - (20) 

Inserting ( f rom (2) (linear, i.e. e0o = 0), using (19) 
and (17) at the boundary r = 1 immedia te ly implies 
the basic dispers ion relation (8) for the eigen-
values o, real, or i co, imaginary, with qs f rom (7). 

b) Mass conservation 

Although we have pointed out why the dispersion 
relation in the compressible case is expected to be 
so similar to that of incompressible liquids, one 
nevertheless might be surprised that there is no 
visible influence of the compressibi l i ty to the 
restoring force, i.e. the r.h.s. of (8). There should be 
(and are indeed) contr ibut ions f rom compressional 
energies. To get more physical insight let us study 
now the energetics of the dis turbed jet. 

Start with mass conservation which holds any-
how. The undis turbed l iquid fills a volume 
V0=na2-2I and has a surface A0 = 2na-21 = 
2 V0la. In the dis turbed state the volume and 
surface are di f ferent . Using (15), (2) for the dis-
turbed surface we find the following relative 
changes: 

ÖV/V0=2e00 + E2-(\ +Ö0S)I4, (21) 

ÖA/A0 - £oo + £2 • (1 + <50,) (k2 + S2)/8 . (22) 
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While the der ivat ion of (21) is clear, to find (22) use 
the formula (see e.g. [3]) 

+ l/a In 
A/A0 = (a/Anl) J" d r \ d<p (1 + £) f l + 8§C + a 2 £ . 

-l/a o 

Here and later the limit I oo has to be taken, of 
course. 

If the l iquid is incompressible, 0V=0, one re-
covers £qq according to (3) f r o m (21). If not, e00 is 
different ; its value can be de termined f rom mass 
conservation (af ter dividing by 

V0 = J Cl +Q)dV= V0+ J QdV+ j d K + j gdV. 
sv sv 

V0 cancels, J g d E v a n i s h e s d u e to the z-oscillations, 

so mass conservation implies 

SV+ J edF=0. 
sv 

(23) 

In the incompressible case each term vanishes in-
dividually relating £0o with £2. N o w the sum of both 
vanishes, still relating £00 with e2. Inserting the 
solution Q f rom (12), (17) the integral can be 
evaluated 

I QdV=- V0Ce2a2qs(K)(\ + ö0s)/2 . (24) 
sv 

Equat ions (21) and (24) inserted in the mass con-
servation equa t ion (23) yields 

£oo = -e2(t)^^[\-2C<72qs(K)]. (25) 

If, in addi t ion, the dispersion relation is used we 
find our a l ready given result (9), which was dis-
cussed in the introduction. N o t e that £00 depends 
on 5 and k nontrivially if C 4= 0. 

With (25) inserted into (21) the volume change 

(26) 
SV_ 1+Sqs 

Vo 2 

is positive in the unstable range but negative for all 
stable modes ; of course, it is a C and a £2. So, if 
surface tension wins and the jet oscillates, its mean 
volume decreases, while it increases if the jet 
decays. 

c) Energetics 

We now evaluate the d i f fe ren t relevant energies. 
This has to be done up to second order in £, since 

second order in energy is equivalent to first order in 
the equat ion of motion. This makes the analysis a 
bit more intricate. 

Let us begin with the surface energy, which is the 
only one for incompressible liquids. It equals i A. If 
we choose the undis turbed surface energy ocA0 as 
unit the surface energy deviat ion by the d is turbance 
reads 

(27) 

cf. (22). The form of C/Surf is independent of the 
compressibil i ty; it is only the value of £00 that 
depends on C. If C = 0, the first term counter-
balances the second one partially to imply Ray-
leigh's criterion and £00 < 0. 

Next, there is internal energy if the fluid is 
compressible. Since thermal effects are not con-
sidered, the internal energy per vo lume only 
depends on the density. 

du 
U(\+Q) = U0 + Q — 

S e 

1 2 
+ T P 

a2_u 

ä ? 

F rom the rmodynamics we have ptot = — (9 C/int, t o t / 
dV)m, so (1 + p) p0= u + (1 + q) du/dg. We con-
clude 

a u 
8 e 

a 2u 
= A ) + " 0 ' a ? 

a p 
= />o-r— 

o oe 
El 
c 

Therefore the internal energy up to second order 
reads 

u = u0+ (p0 + u0) q + Q2p0/2 C . (28) 

For the change in the internal energy one now 
calculates 

-poSV+(p0/2C) j Q2DV, 
Vo 

where mass conservation (23) has been used. Be-
sides the energy by vo lume change due to surface 
shift , -p0ÖV, there is a pure volume term 
PO(C/2) j p2dV. Let us measure the internal energy 

v0 

deviat ion in mult iples of the undis turbed surface 
energy too, i. e. in units ocA0 or 2 a V0/a. 

U„ 
1 SV C , ,dV 

= - T 7 7 + T 1 P TT • 2 v. Vo Vo 
(29) 

In view of (21) we observe that in the sum 
C/Surf + UlM the mean radius reduct ion £00 cancels, 
independent of its actual value. The total potential 
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energy thus reads 

U — e2 {k2 + s2 — I ) ( l + <50j)/8 

+ (C /4 VQ) j p2dF. (30) 

It consists of a surface contr ibut ion of an incom-
pressible liquid and a compressional volume energy. 

Finally the kinetic energy is de te rmined f rom 

T = 1 
d F 

2 F n 
(31) 

again measured in mul t ip les of the undis turbed 
surface energy ( r emember aA 0 = 2 F0). Using the 
potential representat ion (18), always real, we get 

j2 C 
T § Pl" 

DA 

A o 4 VQ 
\ p 2 d F . (32) 
Vo 

There is again a surface mot ion contr ibut ion which 
by the boundary condit ion (16) can be connected 
with R and thus e; together with p ~ e this yields 
the expected kinetic energy of the oscillator ~ e2. 

In addi t ion we observe the compressional kinetic 
volume energy ~ p 2 . This contr ibut ion, surprisingly 
enough, does not enter the total energy! Namely , if 
o is real, o"2p2 = p2 and the second F-contr ibut ion 
precisely cancels the second ^/-contribution. And. if 
a = i co, so p a cos co t, the vo lume contr ibut ions add 
up as p2 - o2p2 = p2 + of~2p2 ~ cos2 co t + sin2 cot= 1 
to give a t ime independen t constant irrespective of 
the actual value of cr (or co. respectively). This is 
why no compressional vo lume energy enters the total 
energy (4), obta ined f rom (30) and (32), using (17), 
(18) to evaluate (32). 

with increasing K, 

\2K~2{\ + K 2 / S + . . . ) , K-+ 0, 

q o { K ) - \ K - ^ 0 ( K - 2 ) , oo. (34) 

These propert ies suffice to evaluate the d o m i n a n t 
features of the unstable m o d e , k < 1. In the long 
wavelength limit k 0 ei ther 

- ± k/y2 - C , C < 2 , (35 a) 

i.e. the unstable mode is arbi t rar i ly slow due to the 
infinitely increasing mass or, for C > 2, there is a 
finite decay rate 

o=±y(C)/fC = | 
± |FC, CP 2 

± 2 ] / ( C - 2 ) / C , C > 2 
(35b) 

where y (C) is the unique, real solution of 

v2qo(y) = C, C^2, (36) 

i . e . , y = C for large compressibi l i ty a n d y = 2 ^C—2 
if C near 2, inferred from (34). 

The bifurcat ion-l ike behav iour of the long wave-
length decay rate with increasing compressibil i ty is 
displayed in Figure 1. Cc=2 is a critical value, for 
which o(k) increases infinitely fast with k, i.e. 
da(k\ C)/dk at fixed C is analogous to a suscept-
ibility. 

Figure 2 provides the (numerical ly obta ined) 
decay rates vs. k for various compressibil i t ies C. 
Note that the most unstable m o d e is shif ted to 
smaller k with increasing C and soon above Cc = 2 
the homogeneous dis turbance k = 0 is the one that 
decays fastest. Figure 3. We are not aware of sub-
stances with a very large x 0 a product ; thus 

3. Eigenvalues and Eigenfunctions 

We now solve the dispersion relation (8). Since 
for real a the l.h.s. o2qs(K) is positive, unstable 
modes only occur if 5 = 0 and k < 1. We therefore 
start with the eigensolutions for az imuthal sym-
metric disturbances. 

a) Spectrum for s = 0 

The dispersion relation reads 

o2q0(]fkT+ Co2)= 1 - k 2 . (33) 

The effective mass q0(K) = I0(K)/KIQ(K) is posit-
ive for real K. The inertia decreases monotonously 
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0.8 k 1.0 

Fig. 2. Decay rate o{k) vs. k in the unstable regime 
0 ^ k ^ 1 of the wavenumber in units of inverse radius a~x 

and 5 = 0. The upper stability border kc = 1 is dominated 
by the surface tension and is independent of compressibil-
ity; the long wavelength border is dominated by inertia, 
that decreases with compressibility C, the parameter for 
the various curves. (Here and in all later figures the branch 
— er is not shown.) 

0 . 5 

0 . 0 

Rayleigh's value 0.697 

max -

I I I 
2.21 

\ 
0.0 0 . 5 1.0 1.5 2.0 

Fig. 3. Wavenumber kmax of the fastest decaying mode vs. 
compressibility C. If C = 0 this is Rayleigh's value 
W C = 0) = 0.697. 

C = x o i / a can be increased mainly via decrease of 
the jet radius a. 

Besides the unstable m o d e there are other solu-
tions of (33) which are purely imaginary a=ico. 
co solves 

CO ' q ^ f k 1 - Cco2) = k 2 - 1 (37) 

and q0(K) f rom (7). Cons ider first the long wave-
length case k 0 again. If C < 2 there are finite 
oscillatory solutions (corresponding to the finite 
decay rates for C > 2) and if C > 2 the oscillator 
f requency is zero (corresponding in turn to the 
decay rate a k for C < 2). The crossover again 
happens at Cc = 2. Of course, k ^ 0 means that q0 is 

given in terms of J 0 ( c o Y C ) , cf. (7). Due to the 
oscillatory character of this Bessel funct ion there is 
an infinity of solutions 

colt = ±ytl/}[C\ k = 0 . (38) 

separated approximate ly by n / y c since adjacent 
zeros of J0 satisfy yM + \ — yM = n. F igure 4 shows the 
numerically obta ined oscillator f requencies f rom 
(37) for k = 0. yu slightly depends on C. 

If k is large there are no unstable modes. As long as 
C is small we can neglect it in (37), use the asymp-
totic behaviour (34) and find as the basic m o d e 
(well-known to Rayleigh already) co = k2/2, starting 
f rom co = 0 at k = 1 propor t ional to ]• k — 1. But, 
however small C might be, sooner or later Cco2= C k} 

approaches k2. At about kQ = 1 /C (i.e. all the later 
the less compressible) this mode gets sound-l ike 
with a "refract ion index" n 

co = c k/n (A) , c := C~ 1 / 2 sound velocity , 

n (k) ^ 1 + X 2 /2 k2, if k > x , with 

qo(x) = C. (39) 

For small C the asymptot ic range is reached if 
k > 2/C. Since n > 1 the effective velocity 
c = e/n (k ) is subsonic. 

If C gets larger, the ki/2 regime is shrinking, but 
there is always the subsonic basic mode , approach-
ing co = ck f rom below and starting at k = 1. For all 
C there are in addi t ion infinitely many supersonic 

Fig. 4. Oscillator frequencies co of long wavelength dis-
turbances {k = 0) vs. compressibility C. The lowest (thick 
line) mode exchanges its behaviour with the unstable 
mode (dashed) at the critical compressibility Cc = 2. The 
bifurcation is opposite to that of the decay rate, cf. Fig. 1. 
If C -» 0 all these modes oscillate infinitely fast and cannot 
be observed. 
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15 

oo 

10 

5 

0 
0 2 4 6 k 8 

Fig. 5. Oscillator frequencies co vs. wavenumber k numer-
ically obtained from the dispersion relation (37) for 5 = 0 . 
The steeper curves (fat) belong to C = 0.2, the flatter ones 
to C = 2.2. The basic mode starts at kc = 1 and is subsonic, 
all others are supersonic. The distance between two mode's 
frequencies is % n/]fC. If C > 2 the lowest supersonic 
mode vanishes a k in the long wavelength limit; for C < 2 
it has a finite limit co0(k -* 0), cf. Fig. 4. For sufficiently 
large k all modes approach sound, co = ck, broken lines. 
For fixed k the modes differ by their node number in the 
radial direction of the jet. If C is varied: the smaller C, the 
steeper the co vs. k curves, the more they are separated, 
and the larger o>(/r = 0). It is only above Cc = 2 that the 
lowest mode is soft, i.e. co (k = 0) = 0. 

modes with 

n (k) ^ 1 - x 2 / 2 k2, (40) 

and xM solves qo (xM) = C for large k. Ail sound-l ike 
modes are shown in Figure 5. In the case of quant-
ized systems, these (at fixed C approximate ly equi-
distant) modes might be observable as elementary 
excitations, a s ignature of nonzero compressibil i ty. 

b) Eigenfunctions for 5 = 0 

Knowing the eigenvalues, i.e. the decay rates a or 
the frequencies co, we can evaluate the form of the 
eigenfunctions, given in (17) and (18). Of course, the 
azimuthal node n u m b e r is the node number per 
length along the z-axis is k/2n. The radial shapes of 
the flow and the pressure field (p is C times pres-
sure) are given by Io(Kr) or J0(\K r) for unstable 
or oscillatory modes, respectively. If the eigenvalue 
co corresponds to the smallest zero of J0( K ) (viz. 
q0( K )) there is no node in addi t ion to r = 0 in the 
flow field; for the supersonic modes corresponding 
to the higher zeros there are more and more nodes 
if r increases f rom 0 to 1. There fore the infinity of 
modes displayed in the earlier f igures and labelled 

by /.i corresponds to increasing " w a v e n u m b e r " in 
radial direction. The basic m o d e always is d i f ferent 
in character: it is a mot ion f rom the large radius 
parts of the jet to those with small radius, in its 
form rather independent of the compressibi l i ty. We 
show this in Figure 6. 

For comparison we also of fe r a visualization of 
the flow field of an incompressible but viscous 
liquid under surface de fo rma t ion in Figure 7. This 
was studied in [3]; in par t icular the explicit solution 
was given in (4.14). The basic m o d e again serves to 
bring the mass f rom the wave's m a x i m u m to its 
m in imum and looks entirely s imilar to the non-
viscous potential flow in Fig. 6, upper . The eigen-
frequencies are real, since viscosity d a m p s the flow. 
Stability is indicated by the minus sign. The m o d e 
with next larger o (lower part Fig. 7) is entirely 
different : it clearly exhibits the vortex structure 
possible only and typical in viscous flows. C o m p a r -
ison of Figs. 6 and 7 elucidates the similari ty of 
Rayleigh's basic modes independen t of C, v , . . . . 
The differences of the systems show up in the 
modes that are not yet present if C = v = 0. 

Fig. 6. Flow field for k= 2 (i.e. stable range), 5 = 0, 
C = 0.5. Upper: basic mode; lower: 1-node supersonic 
velocity field. The frequencies are co = 1.71 and co = 4.78. 
respectively. The mean radius is 1 + £00, £oo = - 0.0025 
(invisible). The arrows representing the velocity field are 
obtained by integrating the solution (18) for a short time. 
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Fig. 7. Flow field of viscous but incompressible flow 
induced by a surface mode with k = 2, s = 0. v = v/j/a a/g0 
= 0.5, with v the kinematic viscosity. Upper: basic mode, 
a = — 3.26; lower: first vortex mode, er = — 10.13. 

cj Spectrum, all s 

If 5 ^ 1 the restoring surface potential (s2 + k2- 1) 
is always positive. Hence no mode with an azi-
muthal node, 5 > 0, can decay. All such surface 
disturbances oscillate. The re is the well-known 
basic mode and in addi t ion the supersonic sound 
modes. These have the eigenvalues a = ± i co, 

coM = ck/nM (k), c = C~1/2 sound velocity , (41a) 

nAk)=\/{\+xik-1) 

where xM solves 

2\ 1/2 

(I x^\) = C(k2 + s2 - \)/(k2 + x2) , 

qs{ x ) = y 5 ( | x | ) / | x j y ; ( | x | ) . 

(41b) 

(41c) 

If k is sufficiently large this yields (40). 
The k -*• 0 behaviour for 5 4= 0 is m o r e regular 

than in the azimuthal symmetric case since the 

monotonously decreasing mass pa ramete r never 
diverges, 

qs{K) = 
1 A , K 

i / K + 0 ( / r 2 ) , K 
o , 
oo , 

5 ^ (42) 

Fini te restoring force and finite inertia imply finite 
f requencies co. But as the effective mass decreases 
with increasing 5 the corresponding co gets larger 
with s. 

Some approx imate fo rmulae might be useful. The 
coM f rom (41) represent the exact dispersion relation 
(8). They can be evaluated approximately by ap-
proximat ing Xp. 

x ^ y . d + S ) , with J's(yM) = 0 , (43) 

<5 = (k2 + y2) (52 - yl) [C{k2 + s2- \) {s2- yj)2 

- 2y 2 (52 - y2) - 0.5 (*2 + y 2) (k2 + y 2 ) ] " 1 . 

The zeros of J'S are easily accessible, cf. for in-
stance [10]. 

Another approximat ion allows to est imate the 
corrections due to compressibil i ty provided C is still 
small and k is not too small. Def ine o0 as o(k,s, 
C — 0) for all k, s. Then for all k, s 

o — OQ[\ + COQ(— q's(k)/4kqs(k)) + 0 ( C 2 ) ] . (44) 

Since qs is monotonously decreasing, — < ^ > 0 , thus 
the correction a C has the sign of OQ. Therefore 
unstable modes decay faster while oscillatory modes 
oscillate slower due to compressibili ty. This does 
not happen as a consequence of a change in stiffness 
but , instead, since compressibil i ty decreases inertia 
for the unstable m o d e and increases inertia for the 
stable one, inferred f rom qs (}/k2 + Co2). 
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